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Abstract 

In this paper we investigate the entropy of gravitational Chem-Simons terms for the horizon with non- 
vamshing extrinsic curvatures, or the holographie entanglement entropy for arbitrary entangling surface. In 3D 
we find no anomaly of entropy appears. But the sguashed cone method can not be used directly to get the correct 
result. For higher dimensions the anomaly of entropy would appear, still, we can not use the squashed cone 
method directly. That is becasuse the Chem-Simons action is not gauge invariant. To get a reasonable result we 
suggest two methods. One is by adding a boundary term to recover the gauge invariance. This boundary term 
can be derived from the variation of the Chem-Simons action. The other one is by using the Chem-Simons 
relation dfl 4 „—i = tr{B?"'). We notice that the entropy of tr{Iif^) is a total derivative locally, i.e. S = dscs- 
We propose to identify scs with the entropy of gravitational Chem-Simons terms Tlin-i. In the first method 
we could get the correct result for Wald entropy in arbitrary dimension. In the second approach, in addition to 
Wald entropy, we can also obtain the anomaly of entropy with non-zero extrinsic curvatures. Our results imply 
that the entropy of a topological invariant, such as the Pontryagin term tr{B?"') and the Euler density, is a 
topological invariant on the entangling surface. 
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1 Introduction 

The entropy is often used as a quality to reflect the degree of freedoms of a system. In the gravitational field black 
hole entropy, i.e., Bekenstein-Hawking entropy[1] [2], is related with geometry of the spacetime, and performs as 
a thermal quality. On the other hand in the gauge field theory with gravity dual, the entanglement entropy for 
a subsystem could also have a geometry description in the gravity side, which is known as the Ryu-Takayanagi 
formula[3]. In general the geometry description of the entropy is closely connected with the detail of the theory. 
Wald formula [4] provides the connection between the action and entropy for general covariant gravitational theory. 
The recent idea concerning about the generalized gravitational entropy [5] gives a strong evidence for the Ryu- 
Takayanagi formula on general entangling surfaces. Generalization to theory other than Einstein gravity seems not 
so straightforward. To deal with the singular mainfold without a C/(l) symmetry in the subspace orthogonal to 
singular surface S, one must also consider the possible contribution from the extrinsic curvatures. The paper [6] 
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provides a method to calculate the geometry quality of this kind singularity, called by the squashed cone method. 
More systemic study on this problem for different covariant gravity theory can be found in [7, 8], see also[9]-[14]. 

The squashed cone method works well for covariant gravitational theories. However, it may break down or 
need to be modified for non-covariant gravitational theories. There are two kind of non-covariant gravitational 
theories. The first one is that neither the action or the equations of motion are gauge invariant. The balck hole 
thermodynamics is not well-defined for this kind of gravitational theories [15, 16, 17]. The second one is that the 
action is gauge invariant up to some boundary terms. Theory with gravitational Chern-Simons term is of this kind 
of non-covariant theories. The Chern-Simons(CS) term as a possible correction to Einstein gravity is motivated 
by the low-energy effective action from superstring theories. In 3D the modification of the black hole entropy by 
CS term is studied in many literatures, see [25]-[33]. In higher dimensions the answer is also found in [22] [23] by 
generalizing the covariant phase formalism. There are also some studies on the contribution to thermodynamics 
and transport in hydrodynamics from the gravitational anomalies [35] [36], which is related to the gravitational 
CS term by AdS/CFT[37][38][39]. In this paper we would like to study the problem for generalized gravitational 
entropy. Specially, we would use the regularization process developed in [7]. The method works well for covariant 
theory, but for CS theory, we find that the method should be modified significantly to get a consistent result. 
The modification is related with the local gauge transformation of theory with gravitational Chern-Simons term, 
for this transformation would produce a total derivative terms. Actually the regularized process would ignore the 
possible effect caused by the gauge transformation. The modification is based on the consideration to fix the gauge 
freedom. In the following we refer to entropy either to generalized gravity entropy or to holographic entanglement 
entropy for they are the same thing in a sense. 

The paper is organized as follows. In the next section we briefly introduce the regularization process developed 
in [7]. In section 3 we briefly review the gravitational Chern-Simons terms in arbitrary dimension. We will calculate 
the entropy in 3D in this section 4. In section 5, we propose an approach to derive the entropy of gravitational 
Chern-Simons terms. We work out the entropy exactly in 7D space-time. In section 6, we use this method to get 
the Wald entropy in arbitrary dimension. We will also discuss other approach to get the correct Wald entropy. We 
will conclude and discuss some related problems in section 7. Some useful formula and detail calculation can be 
found in Appendix. 

2 Review of Generalized Gravitational Entropy 

The generalized gravitational entropy is based on the “replica trick” in Euclidean spacetime. In classical approx¬ 
imation the density matrix p of the gravity field would be related with the Euclidean solution by trp = I, where 
I is the on-shell Euclidean action. The n-th replica spacetime i3„ would produce the relation trp" = /(n). One 
could consider the orbifold Bn = BnjZn- This leads to /„ = nl{n), where I{n) means the action with the solution 
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Bn without counting the contribution from the conical defect in Bn ■ The entropy in 0{G can be expressed as 

5 = dj{e), (1) 

where we denote n = 1 + e. Now one fills the singular cone, the calculation becomes 

^ = -del{e), (2) 

where /(e) is the action of the regularized squashed cone. This equation is the starting point to calculate the 
entropy. We refer the readers to [5] and [7] for more argument and explanation to the generalized gravitational 
entropy and holographic entanglement entropy. 

But in the theory that is not-covariant this statement can not be used directly. Such as the gravity with Chern- 
Simons term we will discuss below, the local gauge transformation or the non-covariant part of the diffeomorphism 
will lead to a boundary term, which also contributes to the 0(e). Our main discussion below is about how to 
eliminate the ambiguity in the non-covariant theory when using the squashed cone method. 


Regardless of the difference that we mention above, one have to find a way to regularize the squashed cone . 
We would follow the regularization process in [7]. According to [7], the metric of regularized cone is 


= e^"^[dzdz + e^^T{zdz — zdz)"^] + -|- 2KaijX°' + QabijX°'x^)dy^dy^ 

+ 2ie‘^^{Ui + VaiX°'){zdz — zdz)dy^ + ... 


( 3 ) 


where T, gij,Kaij, Qabij, Ui, Vai are independent of z and z, with the exception that Qzzij = Qzzij contains a factor 
. The warp factor A is regularized by a thickness parameter a as A = —| log(zz-l-a^). The result is independent 
of the choice of regularization. 

The contribution from the Wald entropy is related with the fact 

J dzdze~^^dzdzA = — ttc. (4) 


The key observation of [7] is that 

J pdpdzAdzAe~^^ ^ 

where z = The would-be logarithmic divergence gains a ^ enhancement: 

/ pdp\e^^ ~ ( 6 ) 

J P^ pe 

This will give the anomaly contribution of the entropy. One is suggested to refer the recent paper [9] in which we 
discuss more possible terms that may contribute to entropy. For our purpose in this paper (4) (5) are enough. 
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3 Gravitational Chern-Simons term 


In the this section we would like to introduce some definitions and properties of CS terms. The gravitational CS 
terms can be constructed in two different ways, one is by the one-form of Christoffel symbol T, the other one is 
the spin connection cv. 

By using cj the (2n-|-l)-dimensional gravitational CS terms fl 2 n+i are formally defined as 

dfl2n+i(^) =rrR”+i, (7) 


where R = da; -f- uju) is the two-form curvature, and we suppress the wedge between the forms. ^ 2 n-\-i can be 
expressed as 


^2n+i = in + l) f rstr{ujRl), 
Jo 


where = R + {t — l)a;^, and “str” is defined by 


str{Ai, A2, ■■■, An) = — Tr{A^(i)A^^2)---ATr(n)), 


( 8 ) 


(9) 


TT denotes the permutations of {l,2,...,n}. The CS action is 


Ics = 


A 


327 rG, 


'm2„+i n+l 


-n 


2n-|-l) 


A is the coupling constant. The full action is 

1 


I = 


IQttG 


I 


( 10 ) 


( 11 ) 


The spin connection a; can be construct by vielbeins E = {e“''}, which is defined by ■ As an 

example we could choose the vielbeins of (3) up to 0{p) as follows. 


Cai = e^aidx^ = ^{dz + dz) -I- e^{z - z)Uidy\ 


Caa = -i-^idz - dz) - e {z + z)Uidy\ 

^ai — ^jaidy^ X Kajaidy^ j 


( 12 ) 


where CjaiCkai = 9jk and Kajai = Kajima.- Here 01,02 denotes the local Lorentz indices with respect to z,z. One 
can check that the above vielbeins can yield the correct metric in order 0{p): 


+ ^fia2^i'a2 — G+ 0{p^). 


(13) 


The choose of vielbeins are not unique, different ones are related by performing local Lorentz transformations, 


eL = Hx)ayb^- 


(14) 
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We can calculate the spin connection a; by the following formula, 




/^a<7 _ O f,a„ _ a 


(15) 


The spin connection lj can also be related with the one-form Christoffel symbols F by the vielbeins, 

X ^ pa: _ goa: Q 


(16) 


where we have mapped all the index into spacetime. We list some useful components of the Christoffel symbols 
and spin connections in Appendix A. 

By varying the action (8) new terms would contribute to the equation of motion. The result is derived in 
[22] [24], 

1 


n(2n H- 1) 

= 0 


(17) 


where 




(18) 


with 




Ai A2 . 


.R'" 


...R" 


2'' " /*iAiA 2 /SI2 A3 A4A2n —lA2n 

The CS term expressed by F is similar to u;, with uj replaced by F in (8). 


(19) 


4 Entropy of gravitational Chern-Simons terms in 3D 

In the case of 3D theory with CS term is also known as topologically massive gravity[21]. The black hole entropy in 
this theory has been discussed in many authors, see e.g. [25]-[32] . Non-trivial correction appears for rotating BTZ 
black. We would like to use the squashed cone method to study the correction of CS term to black hole entropy 
(also the HEE formula) in 3D spacetime. 

For the Euclidean theory, the action of 3D CS term is 

^ ( 20 ) 

where we have integrated t, —i appears because of the Wick rotation, see [23]. 


6 



4.1 Result by using the squashed cone method directly 


Firstly we use the squashed cone method directly. To get the contribution to HEE from the CS action, we need 
work in metric (3), and find the 0{e). We calculate the components of F and R in the Appendix A. It’s easy to 
see that only the Wald entropy appears, and the final result of the entropy is 


where S is codimension-2 surface in the bulk. 

It’s also interesting to check the result by using the spin connection lj. The action would be 


( 21 ) 


( 22 ) 


We also calculate all the components of u) in appendix A. Besides the Wald entropy there are also contributions 
from the second term in (22). But the contribution finally vanishes. The result is also 


5 * = 


iX 




(23) 


where we use ujy^^ = Ty^ -|- 0{z). It is natural because F ia related with u) by local gauge transformation, and the 
result is gauge-invariant. 

But (21)(23) is not consistent with the result given in literature [25]-[33]. The inconsistence warn us to be careful 
when dealing with the non-covariant theory. Just like the Wald method [4] to calculate the entropy of CS term, 
some modification is expected to get the correct result, see [32]. We would give a solution to this problem in the 
next subsection for the squashed cone method. 


4.2 A solution 

The vielbeins (12) still have a gauge freedom (14). An arbitrary local Lorentz transformation would produce an 
additional total derivative term for the action. This term contributes to entropy if we use the squashed cone method 
before integrating out the total derivation term. The freedom should be eliminated if we want a reasonable result. 
We denote the action of CS term after regularization as /(e), the entropy S = —dj{e). As we can see from metric 
(3) the vielbeins and the spin connection would also depend on e. Under an infinitesimal local Lorentz 
transformation parameterized by 

= -0\e\ 

50u;^ = de% + [u;,e]%. (24) 

The 3D CS action 
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would have a variation that is total derivative term, 


^ L (26) 

When we work in the metric (3), the above term (26) contains e, which contributes to entropy. This suggests new 
terms should be added to the action to eliminate the ambiguity. We find the following one satisfies the requirement, 

^ dTriu,{0Me)). (27) 

The total derivative term does not modify the equation of motion. At the limit e —>■ 0 it vanishes, we get the 
original action. Under the infinitesimal local Lorentz transformation, 

<5,A/® = 


ix r 

327rG J 
iX f 
327rG 


dTr{S 0 U){O)uj{e) + a;(0)(5eu;(e)) 


^dTr9d(jj{e) 


— dT rOdu} 


(28) 


The variation of the modified action, 

SeiPs = 5e{lPs + A/®) = ^ dTr6du:{0). (29) 

This is what we expected. Now the contribution from (27) is 

Including this contribution we recover previous result for black hole in 3D gravity with CS term. Then the HEE 
formula for 3D gravity theory with CS term is 


1 

4G 





,dx'^. 


(31) 


In [25] and [34] the authors actually use different method to get the correct result. As the statement of [25], 

UJ = COsing H“ ^reg-i SO R — dosing H“ duJreg (-^R — OJregRsing H“ ^singdtOreg ... — 2 J* iOregRsing - A factOr 

2 also appears in this approach. In higher dimension the anomaly term of the entropy (5) will appear, it seems 
very difficult to perform the similar process to get the correct result. We consider that the ambiguity of result is 
related with the local gauge transformation. To eliminate the ambiguity of the gauge transformation, one need to 
add a boundary term, which will not effect the equation of motion. But is also very hard to construct the suitable 
boundary term like (27) in more general case. We will comment on the problem in higher dimension theory with 
CS term later. 

4.3 The surface 

If we know the solution of a black hole in 3D, the result (21) can be directly used to calculate the entropy. But 
for HEE we have to find the surface E firstly. We would use boundary condition method to determine where the 



S should be. We will follow the same strategy as [5] [7]. 

We could parameterize the coordinate y in 3D, the metric is 


ds^ = e^^ldzdz + e^^T{zdz — zdz^] + (l + ‘2KaX°' + QabX°'x^)dy^ 

+2ie‘^^{U + VaX°‘){zdz — zdz)dy + ... (32) 


In three dimensions 


The equation of motion is 


V« {R 


y 

<7 



Rfiiy — Rfiiy — 0 


(33) 


(34) 


Let’s check the divergent terms in The result is 

= + HUiy) - (35) 

where the means terms less divergent. We should set the divergent term in (35) to zero. We get the constraint, 


+ HU(y) - 3V^)K^{y) - YKiv) = o> 


(36) 


when A = 0 we get the conditions for Einstein gravity ([5]). For Egz we would get a constraint on Kg with z ^ z 
and U{y) O —U{y)), 14 —>■ —14 in (36). The CS term would give a non-trivial correction to constraint on the bulk 
surface S. 

The question is considered in [34], they conclude that the minimization of (31) results in the Mathisson-Papapetrou- 
Dixon(MPD) equations for a spinning particle in 3D, which is exactly the equation (36). To get the correction to 
HEE by CS term, one need to solve the MPD equation firstly^. 

Actually without knowing the equation of motion of the surface, one also could get the leading contribution of 
the correction to HEE. According to method of [40], the coordinate y could be parameterized as y = p near 
the boundary, where p is the coordinate of the bulk direction in the EG gauge, which states that any spacetime 
asymptotical to AdS admit the expansion 


ds^ 


A dp^ 1 2 ^ 

+ ~p^d{p)ij + P9(i)ij + P 9{2)ij + ■•■). 


(37) 


where g{o)ij is the boundary metric. Now we have two coordinates to describe the bulk metric, i.e., G {p, xi,X 2 '\ 
and {z,z,y}, where xi and X 2 are the boundary coordinates. To find the leading contribution of the entropy one 
needs to know the transformation between the two coordinates. It is possible to get the coordinate transformation 
near the boundary (p —>■ 0),as 


p = y + Bzy^/^ + Czy^/^ + ... 

^We would like to thank Prof. Takayanagi for reminding the paper [34] when preparing the draft. 
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(38) 


= xliy) + + A^y^^'^z + ... 


with Xq = XQ(0) + Dy..., where B, C, A*, , D are constants, there are some relation among these parameters, which 

is not important for our purpose.This transformation can be obtained by considering the following constraints. 


^X^^ dX‘- 


'Gu,,\z=o,z=o = 0,and 


dX^^dX''^ , 1 

dz ^m-I-=o.2=o- 2 - 


dz dy 

We know from (31) that the additional terms for the HEE formula is proportional to 

^addition OC f dyUy. 


Uy can be written in the coordinate {p,Xi,a; 2 } as 


Uy oc 


dX‘' 


dy dz 


- ^ '^ZL '; 


(39) 


(40) 


(41) 


where the derivative V is defined in the coordinate {p,xi,a; 2 }. One could take the coordinate trans¬ 

formation (38) into (41), and find the p~^ term is vanishing, thus Uy oc 0{p^). As we know the first term in 
(31) would contribute a log divergence term for the HEE. So the additional term in the theory with CS term 
would not contribute to the leading divergence. In [34] the authors calculate some examples in which the bulk are 
asymptotically to AdSs, the result is consistent with conclusion above. 


5 Entropy of gravitational Chern-Simons terms in 7D 

We hnd the contribution from the 3D CS term for HEE or black hole entropy. In 3D the possible correction related 
with extrinsic curvature do not appear. It’s also interesting to investigate this property in higher dimensional 
theory. It is well known that gravitational CS term only exists in (4n — I) dimensional spacetime. We will discuss 
7D theory in the following. Like the 3 dimensional case, one can’t obtain the result directly by using (2). This 
is related with the fact that the action is not covariant. In higher dimension the trick that is used in [25] and 
[34] seems also difficult to operate. In this section we will use a “topological method” to get the result. We argue 
that the result is correct. As an important check this method could produce the correct result for Wald entropy in 
arbitrary dimension. We will also discuss the trick that we have used in 3 dimension in section 5. 

5.1 Approach to 7D case by a topological method 

In this section we would like to use a “topological method” to derive the entropy for 7D theory with gravitational 
CS term. This method is based on the observation that the entropy of a topological Invariant is a local total 
derivative^. This is indeed the case for Euler densities, or equivalently, the Lovelock gravity in critical dimensions 
[7], see also [18][I9][20]. As we shall prove below, this is also the case for the Pontryagin density Recall 

that we have 

dD7(a;) = TrR^. (42) 

^After our paper we notice that a recent paper also uses the same method to deal with the entropy CS term[41]. 
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We propose to derive the entropy of 7D CS term sy from the following identity 

dsr = Entropy of d^lr{u)) = Entropy of TrR^. (43) 

Since the right hand side of (42) is invariant under the local Lorentz transformation, sy (up to an exact form) 
would also be free of the ambiguity. To make sy really be the entropy of 7d CS term, we have assumed 

Entropy of dV.Y{uj) = (i(Entropy of fly(a;)). (44) 


An evidence for the above approach is that we derive the correct entropy with zero extrinsic curvature, which is 
obtained by using the generalized covariant phase formalism in [22] [23]. 

Now let us start to derive the entropy of 7D CS term. We use the spin connection formulism in this section. 
Let’s take a theory in 8D with the action, 

Is= [ tr{R^). (45) 

J Ms 

By using the relation (7) one have 


/y = / ftr, (46) 

Jmj 

where My is a 7D manifold as the boundary of Mg. The action (45) is invariant under the local Lorentz transfor¬ 
mation. We would firstly get the entropy for the theory with such an action (45). The details of the calculation 
can be found in Appendix C, we list the result as follows. 


^8 


62 63 . 


— hK K AT 

UXVs^ijlXV--^ zisie 


= —ITT / i/det^e^ 

-/Se 

U., a, 3 Ui, + 48^,,,,, a, 3 k. 


649, , L, 3 3 Li, A ,, 3,3 A ^-4 

— PiK -^ 4 /? ... X . . f }32 _|_ 2 A . Ms 

- 12A:,,i,i,r^l- , , 

J2^2^3 ^^4 •225 '^93*6 ' J2^2^3 224 


Q4:di.i^Ui2di^Ui^di^Uig + ^'i'9iiUi2Rzjii3i4Rgi5ie 


R 


+iz^z) 


(47) 


where the integration is on the codimension-2 surface Eg, “-i” appears because we are using Euclidean version. 
The result is still quite complex, to see it more clear, we would rewrite the result by forms. On the surface Eg, 
where z = z = 0, Kaij and Ui are one-form, Raijk and Vijki are two forms. One could map the other index into 
the local Lorenz coordinate by the vielbeins (12). For example^. 


K — 


^2 ^2,6a ; 




'^ijkl — ^b'b"klt 


( 48 ) 


one could rewrite (47) as"* 


Sh = -ir. 


- 6e““'a;gaw'’„,R, 


’a"b 




6MUdUe‘^‘^'u:bai^\ 


j^6 

®In the following, a , a', etc, refers to ai,a2, b, b', etc, refers to 61,62,... , c refers to ai,a2,a3... 
^We note that /\ dx'' 2 .../\ dx''’^ = e‘'i‘'2. .‘'n ^y'detOjd"*. 
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+ 

+ 

+ 

+ 


8€°-°-'LJbar\,r^b''i^^a' - 

i2u3bar\,u)^'^dU + 128dUdUdU + 32dURabR 
8e““'i^ahrVi^'l- 


b" 

a" 

ba 


To simplify result we need the relation 

Rab = dbOab + <^ac‘^% — ^bOab + ^aa'^% + <^ab'l^^bi 


( 49 ) 


(50) 


The result is 


with 


rbb' = duibb' + i^bb'"^ 


b" 

b'- 


^8 



day, 


= 

—in 

8e““ Wa&w f 

-b 

QWdUe''''’ uJba^‘ 

-b 

8e““' 

LOabduJ^b'^a' 

-b 

e““ duJbabo\,Uj\„ 

-b 

16UuJabdi^\,bJ^'^ 

-b 

8e““' 

U}abdu}’'b'd^l 


.b' , .b" 


-jb a 


^ba 

b 


(51) 


(52) 


(53) 


One could define the “density” of the entropy in 8D Sg, and the relation Sg = ds-j. This is the expected relation 
that we mentioned in the beginning of this subsection. Sg is the entropy that we obtain from the Pontryagin 
density, it has the similar relation (7) which must be satisfied by the Pontryagin class. The entropy for the CS 
term in 7D is 

Sy = TT f {sY + ds'), (54) 

where the surface Eg is the codimension-2 surface in 7D, which is also a boundary of Eg®, s' is arbitrary. Our 
above approach actually do not use the viebeins in the regularized spacetime (12), it is not expected the result is 
effected by the local gauge transformation. 


Here we only calculate the 7D result. We expect it can be generalized to (4n -I- 1)D without any difficulty in 
principle. Conversely, we could say our result above provides another evidence to support our proposal that the 
entropy of a topological Invariant is also a topological Invariant. 

® Actually the action in 8D depends on one more coordinate, the result of the corresponding entropy is dependent on the coordinate. 
But one can assume to choose a suitable Mainfold for Mg, on which the boundary is My, and the boundary of the surface Eg is Eg 
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6 Wald entropy in arbitrary dimension 

6.1 The topological method 

Here we use a topological approach to this problem by considering the relation (7). For 3 dimension 

dna = TrR^, (55) 

here R lives in 4 dimension spacetime M 4 , 123 lives in M 3 . The above terms are invariant under local Lorentz 
transformation. Let’s define 

l4= [ TrR^ = [ 123 . (56) 

J A^4 J A^3 

It’s easy to check the contribution from {dzA, dgA) vanishes. The total contribution of (56) to the entropy is 

^4 = SzTT [ Rn, (57) 

Jt.2 

where the integration is on the a dimension -2 surface S 2 , Rn is defined as 

Rn = -treR. (58) 

Note that Rn — dFN, where “d” is the defined on S 2 , 

Tn = ^trieV). (59) 

One could rewrite (57) as 

^4 = SiTT [ Tn, (60) 

where Ei is a codimension-3 surface in M 4 , as well as a codimension-2 surface in M 3 . Formally considering (56) 
we have the entropy 

53 = SzTT [ Tn, (61) 

if one uses the trick to find suitable M 4 such that M 3 is a boundary of M 4 , and Si as a boundary of S 2 . 

The result is same as (31), and also [34][25]. Now it is easy to generalize the method to higher dimension. Actually 
the generalization is quite trivial. With the relation 

dl22„+i = (62) 


one could have 


The entropy from J„ is 


l2n+2 — 




a 


' -^2n+2 


/ M2n + 1 


2n+l ? 


S 2 n +2 = 4z7r(n -I- 1) 



R 


n 

N- 


(63) 


(64) 
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With the relation Rn = dF^, one have 


S2n+i = 4t7r(n + 1) / 


r ryn—l 
AT/tTvr . 


The result is consistent with the one that is obtained by the covariant phase formalism [22] [23]. 

6.2 Another approach 

Actually we also could use the trick in 3 dimension to get the correct result for Wald entropy in arbitrary dimension. 
We will briefly state the process in the following. As the appendix B shows, a local gauge transformation would 
lead to a boundary term which is related with e in the regularized spacetime. Even if we only consider the Wald 
entropy,i.e., the extrinsic curvature is vanishing, this ambiguity still exist. The following term is suitable to add to 
the action®, 

A/„ = —n(n+l) f dt{t — f dstr{uj{0),uj{e), (67) 

Jo Jm 

where w(e) is the spin connection in the regularized metric (3), Rt is constructed by After complex calculation 
one could get the variance of the action with the additional term, 

S 0 {Ir^ + AIr^) = -n{n+l) [ dt{t-l)e-^ [ \ - str{Ri,d9,R’^-^) 

Jo Jm l 


+ 2n(n+l) f dt{t — ^ f str{Ri,uj, R 2 , R!^ 

Jo Jm i- 

- str(u;(0), Dtu:, R^, R^^) + str(u;(0), u;, fis, -Rr")], 


with the following definitions. 


Ri = DM0), R 2 = DtdO, R 3 = DtDtde = [Rt,de], 
see the definition of “Dt” in Appendix B. One could extract the 0{e) terms in (68), and Anally get 


AS” =-4t7r(n + 1) J dJR^ 


where S is the codimension-2 surface, / is defined as 




Rjsi IS defined as 


®The CS action is normalized as 


Rn = -^tr{eR) 


(n+ 1) f 
J M 
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where e is 2-dimensioii Levi-Civita symbol with ei 2 = —£21 = 1. (71) is actually a integration of total derivative 
term. Thus the local gauge transformation will not effect the final result of the entropy, which is what we expect. 
With the additional term one could get the entropy, 

S' = 4 i 7 r(n + 1) [ (73) 

Jn 

where Rn is defined by (72), and ujn is defined as 

(74) 

the result is consistent with [22][23] and (65). (72) and (74) are related with each other by 

doijv = Rn, (75) 

for tr{euju>) = 0. Then it’s obvious (70) can be seen as the gauge transformation 

ljn ^ ljn- df. (76) 

Note that in 3D / = 0, so the result in 3D is gauge invariant. 

We use the spin connection formulism of CS action in the above discussion. But it’s easy to generalize the result 
to Christoffel symbols formulism. The non-covariant part of the diffeomorphism 5^ of F is, 

^F = dk, (77) 

where ■ If one replaces the parameter 9 with A, as well as F with u>, all the result for Christoffel symbols 

formulism can be obtained. 


7 Conclusion and Discussion 

In this paper we have analyzed the entropy when gravitational Chern-Simons terms are added into the action. 
We find it is necessary to modify the squashed cone method for Chern-Simons theory. The necessity is related 
with the non-covariant part transformation of diffeomorphism for a total derivative term would appear under such 
transformation. The covariant theory is free of this ambiguity. One possible solution to this problem is to add a 
total derivative term into the original Lagrangian, which does not affect the equation of motion, at the same time 
eliminates the ambiguity caused by the diffeomorphism. This term is also vanishing in the limit e —>■ 0. 

For gravitational Chern-Simons term we suggest a term (67) which could lead to a consistent result for the special 
case Kaij = 0. We find the gauge freedom of the Chern-Simons action is not completely broken by such term, there 
is still a gauge transformation on the codimension-2 subspace for the entropy. This may lead us to find a principle 
to fix the special term. For the general case, i.e., ATaii 9 ^ 0, we suspect that (67) is sufficient to get a consistent 
result. It seem more terms are needed to eliminate the ambiguity of the anomaly entropy. It’s worthy to go on 
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the discussion on this direction. On the other hand we propose a ‘topological approach’ to calculate the entropy of 
gravitational Chern-Simons terms when the extrinsic curvature Kaij is non-vanishing. It yields the correct Wald 
entropy in arbitrary dimension and gives non-trivial results when the extrinsic curvature does not vanish. Our 
results imply that the entropy of a topological invariant seems to also be a topological invariant. There may exist 
some mathematical interpretations or correspondence for this nice property. We hope someone could clarify this 
problem in future. 
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A Useful components of T and R 


Tl, = 2d,A, ri = 2*C4, = PL =P?” = 7h , 


z ~ ^z z ~ z ~ z ~ ^z^i-> j ~ ^z^j ~ 


J 


(78) 

(79) 


Rzzzz - C 


Rzzzi =2^ 

/? - ir 

J^zizi — 


2iUi{zdzdzA + dzA + zdzdzA) + 3iVz, 


2A 


^zizj — 2 ^R-zij^zA ^iQzzij ^9 RzljR-zik 


Rzzij — - ^ 


2A 


Rzizj — - ^ 


2A 


2id,u, - 2e-^^g^^Kzr,jKzH\ - {i ^ j), 

iid^Uj - djUi) + + AU,Uj - 2e-^^Q,,-y 


Rzijk — 


2A 


- 2e-^^djKzkr - 4^e-^^UJKz^k - 2e-^^Kzijilk - (j ^ A:) 


Rikjl — '^ikjl 


2 e-^^iK,,,K,ki + K,,,K,ki)\ - (j ^ k). 


B Non-covariant part of Q 

Following the step as [22], we define the “covariant” derivative 

D = d + \lo, ], Dt = d + [to;, ], 


(80) 


(81) 
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note that = Dtuj one can get 


hde, 


i 2 n+i = (^ + 1) y dtt^ (^str{Suj, R^) + nstriiv,6Rt, Rf 

= (n + 1) y dt(j:'^str{d9, R^) + nt^~^str{uj,{t — l)Dtd9, R^~^ 
= in + l)J^ dt(^t^str{d9,R^)-nr-^dstr{Lj,{t-l)d9,R^-^) 
+ nstr{-^{tRt),{t - l)d9,(tRt)'^~^'^, 


where the last step we use 


dstr{A^,A 2 ..., Ar,) = ..., D{Ai),...), 

2:^1 

Ai denotes the ai-form, the covariant derivative D = d [0, ], 0 is l-form. Then 


/ dtnstr{—{tRt), {t — l)d9, (tRt) 
Jo dt 




[j^str{{t - l)d9, ^i^”) - rstr{d9, RI^)^ , 


the first term vanishes. We get 


S^ 2 n+i =—n{n + l)d / dtt" — l)str{uj,d9, RIl ^). 


C Details of the calculation in section 5 


The action (45) can be written by the spacetime components as 


J Ms, 


The contribution to the entropy from Rzzzz is 


I^^'> = 2 / ^/det{G) 

J Ms 


' zziii2hi4hH n _ _ af? . R . f? . 

^ ^^ZZZZ ^-^'^ZZl\l2-‘-^ZZl^l4,-^'^ZZlZtQ 


+ ‘^Rzziii^dJzjii^iiR zi^ie ‘^dJzjiiii^dJ 2 ^ 3 ^ 4^221516 


The contribution from (Rzizj, Rzizj) is 


= 4 / y'detiG) 
Jmh 


'2211*2*3*4*5*60 40_4 R . . . ph K K ■^2f^ZZ\2 

e Oz^OzAinz„i,to-n ^ J\zi5j2^zi,, J 


1 * 1 * 2 ^'- 2i3i4-“'Z*5j2-‘''2i6 


-1- K K R ~ Ti - /^22\3 I h . Ri2 n . . . (^zz\2 

"T ^^ZZl^liZXzzl^li^y^ ) "T ''^'■2:*2J2-''' z*3*4''''2Ji*5*6 V"-* ) 

4- K R K- ■ R . . . //^2Z\2 I jl td 33 r>j3 f-^zz 

^'^2*1 ^'^2*2^2^*' 2i3i4^*2Ji*5*6 V'-2 j T Z^l32 

— dizhjidjjZi2i3^^iih^^zi^ie +-^2*iii 4?'^i2*2*3'^zii -^ 22 * 5 * 6 ] + ^ z)- 
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One could get the 0{e) term of the above terms after complex calculation, 


5. = 


TT f A/det(5)P®*i*^*==-*'‘ 

dSe 




.K, 






— (\K K +2/<' ■ ■ K- 

'-’-''■zii zi^in ^ 1213^'-ziiji' jaisie 


- i2i4: 


ji 


KJ^KJ^K. 


Ztljl’ J2*2^3 2*4 2*5 -*'■2^3*6 


+ 8 lX; 


Jl 


, /V J2Q. rr. 

2*ljl' J2*2*3 Z*4 


- 82idi^Ui^di2Ui^di^Ui^ + ^i9i^Ui^R:zhi3i4Ri]3ie 


+ Rzhhi2r’\.4.4M% 


J2*2*3 -2*5*6 


+ (2: o z). 


(89) 
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